THE G-STABLE PIECES OF THE 
WONDERFUL COMPACTIFICATION 



XuHUA He 

Abstract. Let G be a connected, simple algebraic group over an algebraically 
closed field. There is a partition of the wonderful compactification G of G into 
finite many G-stable pieces, which was introduced by Lusztig. In this paper, we will 
investigate the closure of any G-stable piece in G. We will show that the closure is 
a disjoint union of some G-stable pieces, which was first conjectured by Lusztig. We 
will also prove the existence of cellular decomposition if the closure contains finitely 
many G-orbits. 



Introduction 

An adjoint semi-simple group G has a "wonderful" compactification G, intro- 
duced by De Concini and Procesi in [DP] . The variety G is a smooth variety with 
G X G action. Denote by Gdiag, the image of the diagonal embedding of G into 
G X G. The Gdiag-orhits of G were studied by Lusztig in [L4]. He introduced 
a partition of G into finitely many G-stable pieces. The G-orbits on each piece 
can be described explicitly. Based on the partition, he established the theory of 
"parabolic character sheaves" on G. 

The main results of this paper concern the closure of the G-stable pieces. The 
closure of each piece is a union of some other pieces and if the closure contains 
finitely many G-orbits, then it admits a cellular decomposition. I believe that our 
results are necessary ingredients for establishing the (conjectural) Kazhdan-Lusztig 
theory on the "Parabolic Character Sheaves" on G. 

We now review the content of this paper in more detail. 

In section 1, we recall the definition of G-stable pieces in [L4] and establish 
some basic results. The pieces are indexed by the pairs X = {{J,w)}, where J 
is a subset of the simple roots and w is an element of the Weyl group which 
has minimal length in the coset wWj. One interesting result is that any G-stable 
piece is the minimal G-stable subset that contains a particular B x S-orbit, where 
B is the Borel subgroup. The closure of any B x S-orbit in G was studied by 
Springer in [S] . Based on his result and the relations between G-stable pieces and 
B X S-orbits, we are able to investigate the closure of the G-stable pieces. 
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In section 2, we recall the definition of the "wonderful" compactification and 
introduce "compactification through the fibres" , a technique tool that will be used 
to prove the existence of cellular decomposition. In section 3, we describe a partial 
order on X, which is the partial order that corresponds to the closure relation of 
the G-stable piece, as we will see in section 4. In section 4, we also discuss the 
closure of any G-stable piece that appears in [L3] . 

In section 5, we discuss the existence of cellular decomposition. Each piece 
does not have a cellular decomposition. However, a union of certain pieces has a 
cellular decomposition. (This is motivated by Springer in [S], in which he showed 
that a union of certain B x S-orbits is isomorphic to an affine space.) In fact, if 
the closure contains finitely many G-orbits, then it has a cellular decomposition. 

The methods work for arbitrary connected component of a disconnected alge- 
braic group with identity component G. The results for that component is just a 
"twisted" version of the results for G itself. 

1. The G-stable pieces 

1.1. In the sequel G is a connected, semi-simple algebraic group of adjoint type 
over an algebraically closed field. Let S be a Borel subgroup of G, B~ be the 
opposite Borcl subgroup and T = B n B~ . Let (ctj)^^/ be the set of simple roots. 
For i G /, we denote by Si the corresponding simple reflection. For any element 
w in the Weyl group W = N{T)/T, we will choose a representative w in N{T) in 
the same way as in [LI, 1.1]. 

For J C /, let Pj D B he the standard parabolic subgroup defined by J and 
Py D B~ be the opposite of Pj. Set Lj = PjD PJ . Then Lj is a Levi subgroup 
of Pj and PJ . We denote by $j the set of roots that are linear combination of 
{{aj)j^j}. Let Zj be the center of Lj and Gj = Lj/Zj be its adjoint group. We 
denote by npj (resp. TTp-) the projection of Pj (resp. PJ) onto Gj. 

For any J C /, let Vj be the set of parabolic subgroups conjugate to Pj. We 
will write B for V0. 

For any subset J of /, let Wj be the subgroup of W generated by {sj \ j E J} 
and W"' (resp. "'W) be the set of minimal length coset representatives of W/Wj 
(resp. Wj\W). Let Wq be the unique element of maximal length in Wj. (We will 
simply write Wq as wq.) For J,K (Z I, we write -^W^ for fl . 

For w e we denote by supp(t(;) C / the set of simple roots whose associated 
simple refiections occur in some (or equivalently, any) reduced decomposition of 
w. 

For J,K <Z I, P e Vj, Q eVk and u G -^W^, we write pos(P, Q) ^ u if there 
exists geG, such that = Pj and = ^Pk- 

For any parabolic subgroup P, we denote hy Up its unipotent radical. We 
will simply write U for Ub and U~ for Ub-- For J C I, set Uj = U (1 Lj and 

uj = u-n Lj. 

For any closed subgroup H of G, we denote by H^iag the image of the diagonal 
embedding oi H in G x G. For any subgroup H and g E G, we write for 
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gHg~^. For any finite set A, we write \A\ for the cardinal of X. 

1.2. Let G be a possibly disconnected reductive algebraic group over and alge- 
braically closed field with identity component G. Let be a fixed connected 
component of G. There exists an isomorphism 5 : W ^ W such that 5{I) = I 
and G 'Ps{j) for g e G^ and P E Vj. There also exists £ G^ such that go 
normalizes T and B. Moreover, go can be chosen in such a way that ^°Lj = Ls(^j-) 
for J G I. We will fix such go in the rest of this paper. 

In particular, if G^ = G, then S = id, where id is the identity map. In this case, 
we choose ^ro to be the unit element 1 of G. 

1.3. We will follow the set-up of [L4]. 

Let J,J' G I and y e '^'W-' be such that M{y)5{J) = J'. For P e Vj, 
P' e Vj', define Ay{P, P') = {g e G^ \ pos(P', ^P) = y}. Define 

Zj,y,s = {{P, P', i)\Pe Vj, P' e Pj., 7 e Up^\Ay{P, P')/Up} 

with GxG action defined by {gt,g2){P,P' ,i) = {<^^P,3^P' ,gt^g^^). 

By [L4, 8.9], Ay{P, P') is a single P' , P double coset. Thus G xG acts transi- 
tively on Zj^y^s. 

Let z = {P, P', 7) G Zj^y^s- Then there exists (7 G 7 such that ^P contains some 
Levi of P n P'. Now set Pi = g-^{3 p){P"^) ^ pP\ Define 

a{P,P',^) = {Pi,Pi,Up>gUp,). 

By [L4, 8.11], The map a doesn't depend on the choice of g. 

To z = {P, P', 7) G we associate a sequence ( Jfc, J^, Uk, Vk, Pk-, P'k-, 1k)k^o 

with Jk,J'k C I, Uk e W, yk G ^'^W'^''''\Ad{yk)5{Jk) = 4, Pk e Vj„P'k G 
Vj'^,^k = Up^gUp^, for some g E G satisfies pos(P^,^Pfc) = yk- The sequence is 
defined as follows. 

Po = P,Po = P',7o = 7,^0 = J, Jo = J',uo = pos(P^,Po),2/o = V- 

Assume that A; ^ 1, that P^, P^, 7^, Jm, J'm, Um, ym ^tre already defined for m < A; 
and that = pos(P4, Pm),Pm e Vj^ , P^ G Vj^ for m < k. Let 

Jk = Jk-i n 5"^Ad(2/^^iUfe-i) Jfe-i, -^fe = Jk-i n Ad(u^li2/fe-i)5(Jfe-i), 

iPk,Pk,lk) = a{Pk-i,P'k_i,ik-i) e ^J.,j;.,5(see [L4, 8.10]), 
Uk = pos{Pk,Pk),yk = u^-iVk-i.lk = Upi^gk-iUp^. 

It is known that the sequence is well defined. Moreover, for sufficient large 
n, we have that ^ ^ J„+i = J^_^^ = . . . = J^, Un = Un+i = • • • = 1, 

2/n — Vn+l = • • • = 1/00; Pn — Pn+1 = • • • = Pqo, Pn — -^n+l = • • • = Pqo ^'^id 
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In — 7n+i = • • • = 7oo- Now we set I3{z) = y^. Then we have that I3{z) G W^^''\ 
By [L4, 8.18] and [L3, 2.5], the sequence i^Jni J'ni '^ni yn)n^o is uniquely determined 
by P{z) and y. 

For w e W^^'^\ set 

zy,y,s = e Zj,y,s I = 

Then (-^'J^ 5)w6W(-') ^ partition of into locally closed G-stable subva- 

rieties. We call {Zyy g)^Q^-[ys(j) the G-stable pieces of Zj^y^s. For w e W^^-^^ let 
(J„, JnjUn,yn)n^o be the sequence determined by w and y. The restriction of the 
map a on Zjy j is a G-equivariant morphism from Zjy g onto Zy^ g. We also 
denote this morphism by a. It is known that a induces a bijection from the set of 
G-orbits on g to the set of G-orbits on Zy^ g. 

We have a consequence Zyy g Zy_^ y^^g ^J2,y2,s For sufficiently 

large n, 'd = : Zy y g — > Zy^ ^ 5 is independent of the choice of n and is a 
G-equivariant morphism. Moreover, ■& induces a bijection from the set of G-orbits 
on Zy„ g to the set of G-orbits on Zy ,„ 

In the rest of this section, we will fix J, 5, w and Jqo- First, we will give an 
explicit description of Joo in terms of J, 5 and w. 

Lemma 1.4. Keep the notion of 1.3. Then 

Joo = max{K C J I Ad{w)5{K) = K}. 

Proof. Set = yiw'^ . By [H, 2.2], e M^j. Now Ji = J ^5'^ A.d.{y^^)J . Thus 
C Ad(2/ri)$j = Ad(w;-i)Ad(^-i)$j = Ad(«;-i)$j. 

Let i e J. Assume that agi^i^ e Ad(yf^)$j. Then Q!5(j) = Ad(|/f ^)q! = 
Ad(y~^)Ad(tto)Q! for some a e Then Q!Ad(j/)5(i) = Ad{uo)a. Note that 

CKAd(j/)(5(i) is a simple root and mo G W^"^- Then o; = aj for some j e J. Hence 
i = 5-^Ad{y^^)j. Therefore, ieJn 5-^Ad{y^^)J = Ji. So 

Ji = max{K C J I ^s{K) C Ad(w"^)$j}. 

Set J'^ = max{K C J | Ad(w)5(K) = K}. Then J'^ C J. Moreover, = 
Ad{w~^)^j^ C Ad(t(;~-^)^>j. Thus C Ji. We can show by induction that 
J'^ C Jn for all n. Thus C Joo- By the definition, Jqo = Joo r\S~^Ad{w~^)Joo. 
Thus Ad (w) 5 (Joo) = Joo- So Joo = J^- The lemma is proved. □ 

1.5. Now set hj,y,5 = {Pj,y~'Pj',U,-ip^^goUp,) e Zj^y^s- For w e W^^-^^ and 
V e set [J, f ] ^ = (S X B){w, v) ■ hj,y,5. Then we have the following result. 
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Lemma 1.6. Keep the notion of 1.3. Let g e Pj^. Set z = {w,g) ■ hj^y^s and 

z' = {w,g) ■ hj-^^y-^^s- Then a{z) = z' . 

Proof. Set P = Pj, P' = Pj', gi = wgog and v = yiw~^. Then v G Wj. 
By the proof of [H, 2.3], *~'Lj^ is a Levi factor of P n P' and P^' = , 

{PY = ''^"PAdiy)SiJ,). Moreover, 

So ^iP contains some Levi of PC] P'. We have that 

g-\9ipf'-'PAaiy,,siJ,))g^ = ^-'P^'° ''~"PA.,y,siJ,)) = ^-Vjn5-iAd(y-i)Ad(y)5(JO 

Thus q;(2;) = 2;'. The lemma is proved. □ 
Proposition 1.7. We have that 

Zy,y,S = Gdiag ■ [J^l]y,S = Gdiag ' {Pj Pj' ,U^,-. p^wgo{B H LjJUp,) . 

Proof. It is easy to see that Zy^^^^g = Gdiag{w,Lj^) ■ /i 7^,^,5. Thus for any 
b E B, a'^(^{w, b)-hj^y^s) £ ^ g for suflBciently large n. Therefore, Gdiag{w, B) ■ 

hj,y,5 c zy^y^s- 

Note that wgo normalizes (Lj^) and (Lj^) fl B. Thus 

wgoLj^ = {Iwgobr^ \ l e Lj^,be Lj^n B}. 

Hence any element in Zy^ w 5^^ G-conjugate to [w, l)-hj^^w,5 for some I e Lj^HB. 

Now let z e Zj^ g. Then 'd{z) is G-conjugate to {w, l)-hj^,w,s for some I G Lj^nB. 

Set z' = {w, I) ■ hj,y,s £ Zyy g. Then '&{z') lies in the same G-orbit as "^iz). Since 

induces a bijection from the set of G-orbits on g to the set of G-orbits on 

^y^,w,5- Thus z is G-conjugate to z'. So Z^y^g = Gdiag{w,BnLjJ) ■ hj,y,s- The 
proposition is proved. □ 

1.8. In [L4, 8.20], Lusztig showed that ^ is an iterated affine space bundle 
over a fibre bundle over Vj^ with fibres isomorphic to Lj^ . In 1.10, we will prove 
a similar (but more explicit) result, which will be used to establish the cellular 
decomposition. Before doing that, we include the following result (see [SL, page 
26, lemma 4]) which we will use in the proof of proposition 1.10 and proposition 
5.5. 
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Lemma 1.9. Let H be a closed subgroup of G and $ : X — > G/H be a G- 
equivariant morphism from the G-variety X to the homogeneous space G/H. Let 
E <Z X be the fiber Then E will be stabilized by H and the map ^ : 

G Xh E ^ X sending {g,e) to g ■ e defines an isomorphism of G -varieties. 

Proposition 1.10. For aeW, setUa = Un ^U' . Set 

Lj,y,d = {Lj^,Lj^){w,l)-hj,y,5- 

Then we have the following results. 

(V Zly,s is isomorphic to G Xp^^ {{PjJ ■ L^y^g). 

^ (2) {PjJ ■ Lly^s = {BxB)- Lly^, - ([/ n <-^y-'^^u-) x Ll^^,, where 
Ljy g is isomorphic to Lj^ . 

(3) Gdiag{wT, 1) ■ hj^y^s is dense in Zyy g. 

Proof. It is easy to see that Lj^ g ~ {w, Lj^) ■ hj^y^g is isomorphic to Lj^. By 
1.7, Zyy g = Gdiag ■ L'jy g. Consider the G-equivariant map p : Zy^ .^^g — * Vj^ 
defined by P, 7) ^ P for {P,P,-f) G Zy^,w,s- For / G Lj^ and g e G, 
if p o {}{{g,g){w,l) ■ hj,y,g) = Pj^, then g G Pj^. Thus {Pjjdiag ■ Lly^s = 

{po^y^Pjj. 

Assume that {g,g){wji) ■ h^y g (^,^2) • h'^,y,5 ior g E G and I1J2 G Lj^. 
Then^Pj^ =po^{{g,g){w,h)-hly^g) = po,? ((«;', Z^) ■ /i^ J = Pj^. So g E Pj^. 
Part (1) is proved. 

We have that {B x B) ■ L^y g = {BUag{l, B) ■ L^y g and po ^((1, B) ■ Lly g) = 

Pj^. Thus {B X B).Lly^g C {B)diag{PjJdiagLly^5 = (PjJdiagLly^S' 

the other hand, {PjJdiagLly^s ^ {Pj^,PjJ ■ L^y^s = {B x B) ■ L^y^g. Hence 
iPjJ-Lly,g = {BxB).Llyg. 

Now consider tt : (U f] ^o°°^y~'^o U') x L'^y g ^ (B x B) ■ L'^y g defined by 
tt{u, I) = {u, \)l for w G t/ n ^'^^y-^^'u- and I G L'^^y g. 

Note that (l,PLj^) • hj^y^g = (l,UpjLj^Uj) ■ hj,y,g = {Ug^j),LjJ) ■ hj,y,s- 
Since w G W^^-^\ BwUg(^j) = Bw = Upj^Lj^w. Hence 

{BW, BLjJ ■ hj^y^g = {Upj^WLg^J^),LjJ ■ hj^y^g = {Upj^W, LjJ ■ hj^y^g. 

Since wy~^ G W-^' and kd{yw~^)Joo C J', then 

Upj^ = iUp,^n-y-'-'ou-){Up,^ n-y-'up^,) 

Therefore, {Bw, BLjJ ■hj,y,g = {{U n^o^^^y-'^i' U-)w, LjJ -hj^y^g. So tt is 
surjective. 
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Let w G t/n^o"^^ ^<'u- and/1,/2 e Lj^. Assume that {u,l){wji)-hj^y^s = 
{w, I2) • hj^y^s- Note that the isotropy subgroup of G x G at the point {w, 1) • hj^y^s 
is {{U^y-ipJ, Up.Qo'w-H'wgo) \ I' e "^Lg^j)}. 

Thus u e U^y-ip I' and i^^^i G UpjgQ^w~^l'wgo for some I' e ™Lg(^jy Then 
r e Lj^ and tt = 1. Thus tt is injective. 

In fact, we can show that the bijective morphism tt is an isomorphism. The 
verification is omitted. 

Part (3) can be proved in the same way as in [H, 2.7]. □ 

1.11. For P E Vj, let Hp be the inverse image of the connected center of P/Up 
under P — > P/Up. We can regard Hp /Up as a single torus Aj independent of P. 
Then Aj acts (freely) in the natural way on Zj^y s and the action commutes with 
the action of G. Moreover, each piece ZJ^ ^ is Aj-stable. 
Define 



Zj^y^s = {{P.P'.l) \PeVj,P'e rj','ye Hp,\Ay{P,P')/Up} 
= {(P, P', 7) I P G Vj, P'erj',^e Up,\Ay{P, P')/Hp} 

with GxG action defined by {gug2){P,P'n) = {^'P,^'P' , g^g^^). 

Then Zj^y^s ctnd Aj\Zj^y^s can be identified in the natural way as varieties with 
G-action. Set Z^^ ^ = Aj\Zly,s- Then 

Zj,y,6 = ^wews(J)Zy^y^s. 

We call {Zyy s)w€W^('^) ^^e G-stable pieces of Zj^y^g. Set 

hj,y,s = {Pj,^ 'Pj',Hy-ip^^goUpj) e Zj^y^s, 
Lj,y,s = {Lj^,LjJ{w,l)-hj,y,s. 



For w e W^^-^^ and v e set [J,w,v]y^s = (B x B){w,v) ■ hj^y^s- Then as a 
consequence of 1.7 and 1.10, we have the following result. 

Proposition 1.12. For w e W^^'^\ we have that 

(1) Zy,y,s = Gdiag-[J,W,l]y,S. 

(2) Zy,y,s is isomorphic to G Xp,^ {{PjJ ■ 5). 

(3) {PjJ ■ Ll^^, = {BxB). Ll^^, ^{Un <-^v-'^i'u-) x L-^^,, where 
L'^yS is isomorphic to Lj^/Z{Lj). 

(4) Gdiag{wT, 1) • hj^y^s is dense in Zyy g. 



8 



XUHUA HE 



2. COMPACTIFICATION THROUGH THE FIBRES 

2.1. For any connected, semi-simple algebraic group of adjoint type, De Concini 
and Procesi introduced its wonderful compactification G(see [DP]). It is an irre- 
ducible, projective smooth G x G-variety. The G x G-orbits Zj of G are indexed 

by the subsets J of /. Moreover, Zj = {G x G) ^ p- Gj, where Py x Pj acts 
on the right on G x G and on the left on Gj by {q,p) ■ z = iTp- {q)z7rpj{p). Denote 
by hj the image of (1, 1, 1) in Zj. We will identify Zj with Zj.^^^j .^^ and hj with 
^j.wowi^ Adi where id is the identity map on / (see [H, 2.5]). 

Let us consider the B x S-orbits on G. For any J G I, u E W"^ and v € W, 

set [J, w, v] = {B X B){u, v) ■ hj. Then G = {J |J [J,x,w]. The following 

Jci xeW'^ ,wew 

result is due to Springer (see [S, 2.4]). 

Theorem. Let x G W"^ , x' G , w^w' G W . Then [K,x',w'] is contained in 
the closure of [J, x^w] if and only if K d J and there exists u G Wk^ v G Wj fl 
with xvu~^ ^ x' , w'u ^ wv and l(wv) — l{w) + l{v). In particular, for J <Z I and 
w G W-^, the closure of [ J, w, 1] in G is Ukcj ^xew'<,ueWj, and x^wu [K,x,u]. 

2.2. We have defined Zj^y^s in l-ll- As we have seen, Zj^y^s is a locally trivial fibre 
bundle over Vj x Vj' with fibres isomorphic to Lj/Z{Lj). Note that Lj/Z{Lj) is 
a connected, semi-simple algebraic group of adjoint type. Thus we can define the 
wonderful compactification Lj/Z{Lj) of Lj/Z{Lj). In this section, we will define 
^J,y,5^ which is a locally trivial fibre bundle over Vj x Vj' with fibres isomorphic 

to Lj/Z{Lj). 

2.3. We keep the notation of 1.3. Fix g G Ay{P, P'). Then Ay{P, P')g-^ = P'Ugp 
(see [L4, 8.9]). Set 

Lp,P',g — ^P n P' / Hgpp^pi . 

Let $3 : Hpi\Ay{P, P')/Hp Lp^p'^g be the morphism defined by 

Hp>\Ay{P,P')/Hp Hp\Ay{P,P')g-^/H,p A Lp,p,,g, 

where i is the obvious isomorphism. 

The P X P' action on Hp>\Ay{P, P')/Hp induces a. P x P' action on Lp^p'^g. 

Now for g,g' G Ay{P,P'), set = $^'$3^ : i^p,P',g ^ Lp,p,^g,. Then 

is compatible with the P x P' action. Moreover, {Lp^p>^g, ^g,g') forms an inverse 

system and 

Hp\Ay{P,P')/Hp = limLp,p>,g. 

Note that Lp^p'^g is a semi-simple group of adjoint type. Then we can define 
the De Concini-Procesi compactification Lp^p'^g of Lp^p/^g. The P x P' action on 
Lp,p',g can be extended in the unique way to a P x P' action on Lp^pi g. The 
isomorphism : Lpptg ^ Lp pi gi can be extended in the unique way to an 
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isomorphism from Lp^p'^g onto Lp^p'^g/. We will also denote this isomorphism by 
^g,g'- It is easy to see that this isomorphism is compatible with the P x P' action. 
Now {Lp^p/^g,^g^g>) forms an inverse system. Define 

Hp\Ay{P,P')/Hp = limL^g. 

We also obtain a P x P' action on Hpi\Ay{P, P')/Hp. Thus we can identify 
Hpi\Ay{P, P')/Hp with Lp^pi^gQ as varieties with P x P' action. 

Remark. Hpi\Ay{P^ P') / Hp is isomorphic to Lp^p'^g as a variety. However, we 
are also concerned with the P' x P action. In this case, Hp/\Ay{P, P')/ Hp is 
regarded as Lp p/ gQ with "twisted" P' x P action. 

2.4. In this section, we will consider a special case, namely, P = P' = G^. In this 
case, Ay{P, P') = G^ and we wiU identify HG\Ay{G, G)/Hg with 

Let Vg be the projective variety whose points are the dim(G)-dimensional Lie 
subalgebras of Lie(G x G). The G x G action on Lie(G x G) which is defined 
by (^1,6^2) • {a-ih) = {Ad{g2)a, Ad{gi)b) for gi.,g2 £ G and a,b E Lie(G) induces a 
G X G action on Vg- To each g E G, wc associate a dim(G)-dimensional subspace 
Vg = {(a, Adig)a) \ a G Lie(G)} of Lie(G x G). Then = (^1, ^2) • Vg for 

91^9^92 G G and 1-^ is an embedding G^ C Vg- We denote the image by 

If G^ = G, then the closure of i{G) in Vg is G (see [DP]). Note that Vgg^ = 
{l,gQ^)Vg for all geG. Thus i{G^) = {l,gQ^)i{G). Hence the closure of i{G^) in 
Vg is {l,gQ^)G, which is just G^ defined above. 

Remark. In [L4, 12.3], Lusztig defined the compactification of G^ to be the 
closure of i{G^) in Vg- As we have seen, our definition coincides with his definition. 

2.5. In [L4, 12.3], Lusztig showed that 

where the base point h , 5<j) , — (Pj, P7, j-,, H^- onHp,) is identified with the 
dim(G)-dimensional subalgebra {{J,u^gQlgQ^Vb^ \ I e Lj,tt e Upj,u' e Up- } of 

5(J) 

Lie(G X G). We will simply write hj,^^^s(j) g as hj^s, [J,w,v]^^^5^(j) g as [J,w,v]5 
and ^ as Zy^. We call {Zyg)j(-j .^^-^s(j) the G-stable pieces of G^. If 

G^ = G, then hj^id = hj and [J, w, v]id = [J, w, v]. 

Note that /ij corresponds to the dim(G)-dimensional subalgebra {{lu, lu') \ I e 
Lj,tt e Upj,u' e C^p-} of Lie(G x G). Thus /ij^j = {1, gQ^)hs(^jy Hence 

[J,!^,^]^ = (S X B){w,v) ■ hj,s = {B X B){w,v){l,gQ^) ■ hj 
= il,go'){B X B){w,S(v)) ■ hs(j) = {l,go'MJ),w,6{v)]. 
Thus we have the following result. 
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Proposition. Let J C I and w e W^^'^\ Then the closure of [J, w, l]^ in is 

^KcJ^x£Wsw,ueWj, and x^wS{u) [K,x,u]s. 
2.6. Define 

Zj,y,s - {{P, P', 7) I ^ e Tj, P' eVj^.^e Hp,\Ay{P, P')/Hp} 

with G xG action defined by [gi, g2){P, P', 7) = (^^P, ^^P', 91192^)- 
Set P = Pj and P' = y~'Pj'. Then Ay{P,P') can be identified with Lp^p>^g„9o 
as varieties with P' x P action. Moreover, we have a canonical isomorphism be- 
tween Lp^p'^g^ and Lgf^jy For K G J,l wiU identify /i<5(K)fi'o with the corresponding 
element in Ay{P, P'). 

Then the G x G-orbits in are in one-to-one correspondence with the 

subsets of J, i. e., 

Zj,y,5 = UkcAG X G) ■ (P, P', /i5(K)^o)- 

Set uk — ywQ^'^^WQ^^\ Note that Upj{Lj f^Up^^) = Up^^ and 

Up,{y~"Lj,r\Up- ) = {y~KUy^p,)yK\yKy-'Lj,^yKu ) 

The isotropic subgroup of G x G at {P, P' , hs(^K)9o) is {{hui, 9q^129oU2) \ 
luh e Ls(^K),hl2^ e e C/^-i ,U2 e C^pj^}. Now set 

Q = Pk,Q' = PAd{ytc)S(K) and 7 = HQ,goHQ. Then pos(Q',9°Q) = 
and {QiQ'i^) e ZK,yK,s- The isotropic subgroup of G x G at (P, P', /i5(K)5'o) is 
the same as the isotropic subgroup of G x G at (<5, Q', 7) G ZK,yji,5- Thus we can 
identify (P, P', hs(K)9o) with (Q, Q', 7) and (G x G) • (P, P', hs(K)9o) with 
as varieties with G x G action. In other words, 

Zjy 5 — \-\kC J Z S(J) S(K) J-. 

3. Partial order on Is 

In this section, we will only consider subvarieties of G and for any subvariety 
X of G, we denote by X the closure of X in G. 

3.1. Let y,w e W. Then y ^ w if and only if for any reduced expression w = 
S1S2 ■ ■ ■ Sg, there exists a subsequence zi < ^2 < • • • < ir of 1,2, ... ,q such that 
2/ = Silvia • ■ ■■Si.- (see [L2, 2.4]) 

The following assertion follows from the above property. 

(1) If l{wu) = l{w) + l{u), then for any wi and ui ^ u, wiU\ ^ wu. 

(2) Let u,v E W and i G /. Assume that SiV < v, then u ^ v su ^ v. 

(3) Let w, V G and i E I. Assume that u < SiU, then w ^ f -v^ tt ^ Si^;. 

The assertion (1) follows directly from the above property. The proofs of asser- 
tions (2) and (3) can be found in [L2, 2.5]. 
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3.2. It is known that G = Uyj^iyBwB and for w,w' e W, BwB C Bw'B if and 
only if ^w'. Moreover, 

BwB, if SiW < w; 



BsiBwB = 



BsiwB, if SiW > w. 



Similarly, G = Uyj^wBwB and for w,w' e W, BwB C Bw'B~ if and only 
if w w'. Moreover, 

BwB~, if SiW > w; 



B Si BwB- = 



BsiwB , if SiW < w. 
Lemma 3.3. Let u,w G W. Then 

(1) The subset {vw \ v ^ u} of W contains a unique minimal element y. 
Moreover, l{y) — l{w) — l{yw~^) and BuBwB~ — ByB~ . 

(2) The subset {vw \ v ^ u} of W contains a unique maximal element y' . 
Moreover, l{y') = l{w) + l{y'w~^) and BuBwB = By'B. 

Proof. We will only prove part (1). Part (2) can be proved in the same way. 

For any v ^ Bi) C BiiB. Thus BvwB~ C BuBwB~ C BuBwB~. On the 
other hand, BuBwB~ is an irreducible, closed, B x i?~-stable subvariety of G. 
Thus there exists y G W, such that BuBwB~ = ByB~. Since BvwB~ C ByB~, 
we have that vw ^ y. Now it suffices to prove that y — vw for some v ^ u with 
l(vw) = l{w) — l{v). 

We argue by induction on l{u). If l{u) = 0, then u = 1 and statement is clear. 
Assume now that l{u) > 0. Then there exists i G /, such that SiU < u. We denote 
SiU by u'. Now 



BiiBwB- = BsiBii'BwB- = BsiBii'BwB-. 

By induction hypothesis, there exists v' ^ it', such that l{y'w) = l{w) — l{v') 
and Bii'BwB- = Bv'wB- . Thus 



BsiBii'BwB- = BsiBv'wB- = BsiBv'wB- = 



Bv'wB , if Siv'w > v'w 



Bsiv'wB , if Siv'w < v'w. 

Note that SiU < u and v' ^ SiU < u. Thus Siv' ^ u. Moreover, if Siv'w < v'w, 
then l{siv'w) = l{v'w) — 1 = l{w) — l{v') — 1. Thus we have that l{siv') = l{v) + 1 
and l{siv'w) = l{w) — l{siv'). Therefore, the statement holds for u. □ 

Corollary 3.4. Let u, w,w' &W with w' ^ w. Then 

(1) There exists v ^u, such that vw' ^ uw. 

(2) There exists v' ^ u, such that uw' ^ v'w. 

Proof. Let v ^ u he the element of W such that vw' is the unique minimal 
element in {v'w' \ v' ^ u}. Then BuBw'B~ = Bvw'B~. Since w' ^ w, we have 
that BwB- C Bw'B-. Thus 



BuwB~ C BiiBwB- C BiiBw'B- C BiiBw'B- = Bvw'B-. 

So uw ^ vw'. Thus Part (1) is proved. Part (2) can be proved in the same 
way. □ 
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3.5. We will recall some known results about W"^ . 

(1) If e W"^ and i E I, then there are three possibilities. 

(a) SiW > w and SiW G W"^; 

(b) SiW > w and SiW = wsj for some j e J; 

(c) < w in which case SiW G W"^ . 

(2) If e W^-^, v e W^j and K C J, then v e if and only if wv e I^^. 

(3) If e -^'w^ and tt e Wj', then tttu e VF"^ if and only if tt e , where 
K = J' nAd{w)J. 

Lemma 3.6. Let w e -^'W-^ , u e Wji and K = J' H Ad{w)J, then uw = vwu' 
for some v e Wj> fl and u' e WAd(w-i)K- 

Proof. We argue by induction on Z(tt). If m = 1, then the statement is clear. 
Now assume that u = Sjtti for some i E J' and l{ui) < l{u). Then by induction 
hypothesis, uiw = viwu'i for some vi G Wj' fl and u'l G WAd{w-'^)K- 

If SitJiw G W'^ , then the statement holds for u. Now assume that SiViw ^ VF"^. 
Then SiViw > viw. Hence SiVi > vi. Moreover, SiVi ^ . Thus SiVi — vis^ for 
some k e K. Note that s/stu = wsi for some Z G Ad{w~^)K. Thus the statement 
holds for u. The lemma is proved. □ 

3.7. Let J C / and w,w' eW with /(tu) = l{w'). We say that w' can be obtained 
from w via a (J, 5) -cyclic shift if = Si^Si^ ' ' ' ^in ^ reduced expression and 
either (1) zi G J and w' = Si^ws§(^i^-) or (2) G (^(J) and w' = s/^-i^^^-^wSi^. 
We say that w and ty' are equivalent in J if there exists a finite sequences of 
elements w = wq^wi, . . . , Wm = w' such that w^+i can be obtained from via a 
(J, 5)-cyclic shift. (We then write w tu'.) 

Proposition 3.8. Let {J,w) G and tu' G VF. The following conditions on w' 
are equivalent: 

(1) w' ^ u~^w5{u) for some u G Wj. 

(2) w' ^ u~^w5{v) for some u ^ v & Wj. 

(3) w' ^ t^i for some wi w. 

Proof. The implication (1)^(2) is trivial. The implication (3)^(1) follows 
from the definition. We now prove the implication (2)^(3) by induction on \ J\. 
Assume that the implication holds for all J' C I with \J'\ < \J\. Then we prove 
that the implication holds for J by induction on l{v). 

Set w = xy with x G Wj and y G '^W^^'^\ Set K = J n 5-^Ad{y-^)J, 
V = V1V2 with vi G Wk,V2 G and u = U1U2 with ui ^ fi, U2 ^ V2 and 
l{u) — l{ui) + l{u2). There are two cases. 

Case 1. U2 = V2 = 1. 

In this case, u,v e Wk and w G W^^^\ If \K\ < |J|, then by induction 
hypothesis, u~^wS{v) ^ wi for some wi ^k,5 w- li K = J, then since w = xy & 
\YS{J)^ we have that x = 1. Thus u~^w5{v) ^ w. The implication is proved in 
this case. 

Case 2. V2 ^ I. 
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In this case, /(fi) < l{v). By induction hypothesis, there exists wi ^^j^s such 
that wi ^ ttj" w5{vi). Let tts ^ U2 be the element in W such that u'^ wi is the 
unique minimal element in {{u')~^wi \ u' ^ U2}- Then l{u^^wi) = l(wi) — l{us) 
and ttg Wi ^ -u^ = u~^w5{vi). By 3.6, ti"-*^!!; = ab for some a G VF'^^'^^ 

and 6 G Ws(k)- Thus /(•u~"'^to5(t;it;2)) = /(a65(fif2)) = + ^(&5(^^i^^2)) = 
l{a) + l{b6{vi)) + mv2)) = l{ab6{vi)) + mv2)) = l{u-^w6{vi)) + ^5(^2))- By 
3.1, u^^wi5{us) ^ u~^w6{v). 

Now assume that us = Si^Si^ ■ ■ ■ Si^^ and ""^tui = Sj^^Sj^ ■ ■ ■ are reduced 
expressions. For m = 1, 2, . . . , A; + 1, set 

Then l{xm) ^ k + I — l{wi) for all m. On the other hand, for any m, there 
exists Um e Wj, such that Xm = y^w5{iim)- Note that to G W"^ ^ we have that 
l{y-^w5{y^)) ^ l{wd{y^))-l{y-^) = l{w) = l{wi) for all y^ G M^j. Thusi(a;^) = 
l{wi) and a;^ tui for all m. In particular, u'^^wiS{us) = aj^+i tui. The 
implication is proved in this case. □ 

Remark. We see from the proof that u~^w5{v) ^ x~^w5{x) for some x ^ u. 
This result will be used in the proof of 5.2. 

3.9. Let (J, w) G Is and G VF, we say that w' '^j^s w if tu' satisfies the 
equivalent conditions 3.8 (l)-(3). It is easy to see that x ^ w ^ x ^j^s w ^ 
l{x)^l{w). 

Now for ( Ji, wi), (J2, W2) £ 2^5, we say that ( Ji, wi) ^5 ( J2, 1^2) if C J2 and 
^J,5 W2- In the end of this section, we will show that ^ is a partial order on 
X^. (The definition of partial order can be found in 3.12). 

Lemma 3.10. Let J C I, w E W"^ , u E W with l{uw) = l{u) + l{w). Assume 
that uw = XV with x G and v G Wj. Then for any v' ^ v, there exists u! ^ u, 
such that u'w = xv' . 

Proof. We argue by induction on l{u). If l{u) = 0, then u = 1 and statement is 
clear. Assume now that l{u) > 0. Then there exists i G /, such that SiU < u. We 
denote SiU by ui. Let uiw — xiVi with xi G and vi G Wj. Then SiXi > x\. 

If SiX\ G ^ then the lemma holds by induction hypothesis. If SiX\ ^ ^ 
then there exists j G J, such that SiX\ = XiSj. In this case, SjVi > Vi. Let 
v' ^ SjVi. If v' ^ vi, then the lemma holds by induction hypothesis. If v' ^ vi, 
then v' — Sjv[ for some v[ ^ vi. By induction hypothesis, there exists u'l ^ ui, 
such that u[w = Xiv[. Thus Siw'^^ty = xiSjv'i- The lemma holds in this case. □ 

Lemma 3.11. Fix J C I and w G W^^'^K For any K c J, w' e W^^^'^ with 
w' w, there exists x G W^'^^\ u G Wj and ui G Wk, such that x ^ w5{u) 
and w' = Ui^u~^x5{ui) . 

Proof. Since w' ^j^s there exists vi G Wj, such that w' ^ Vi^w5{vi). By 
3.4, there exists v' ^ fi, such that v'w' ^ w8{vi) ^ w5{v'). Let v be a minimal 
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element in the set {v e Wj \ vw' ^ w6{v)}. Then l{vw') = l{v) + l{w'). Now 
assume that vw' = x5{v') for some x e W^^^^ and v' e Wk- Then there exists 
v[ ^ v', such that x ^ wd{v)d{v[)~^ . By 3.10, = V2w' for some ^2 ^ v. 

Since = /(x) +l{v'i), V2w' — xd{v[) ^ wd{v) ^ w5(t'2). Therefore, f 2 = f 

and v[ = v'. So x ^ wd{v)d{v')~^ . Now set u — v{v')~^ and ui — v' . Then 
w' = = u'^^u~^x5{ui). □ 

3.12. A relation ^ is a partial order on a set S if it has: 

1. Reflexivity: a ^ a for all a G 5. 

2. Antisymmetry: a and h implies a = b. 

3. Transitivity: a and 6 ^ c implies a ^ c. 

Proposition 3.13. The relation on the set 1$ is a partial order. 
Proof. Reflexivity is clear from the definition. 

For {Ji,Wi),{J2,W2) e Is with (Ji^Wi) (-^2,^2) and (J2,W2) ^5 
we have that Ji = J2 and l{wi) = l{w2). Since wi ^ W2 for some W2 W2 
and /(tui) = ^(^2) = ^(■'^2); wi = W2 E W^^'^'^\ Hence wi = W2 = W2- Therefore 
(Ji,Wi) = {J2,W2)- Antisymmetry is proved. 

Let ( Ji, t^i), ( J27 '"'2) and (^3,1^3) G X5. Assume that {Ji.wi) ^5 {J21W2) and 
{J2,W2) (JstU)^). Then Ji C J2 C J3. Moreover, there exists x G VF'^^'^^)^ 
u G VFjg and ui G VFjj, such that x ^ W35(u) and W2 — Ui^u~^x6{ui). Since 
^j2,5 W2, there exists U2 G VFjj, such that wi ^ tt^"'^tt~-'^x5('U2)- Note that 
I{x5{u2)) = l{x) + l{u2) and x ^ W35(?i). Thus x6{u2) ^ t(;35(tttt2). By 3.4, there 
exists V ^ •UW2, such that wi ^ v"^i(;35(ittt2). By 3.7, tui ^jg,^ 1^3. Transitivity is 
proved. □ 

4. The closure of any G-stable piece 

4.1. We have that 

6(J) 

Moreover, BwU~ = Ui^^jj-^^-ijj_BwUp-b. Thus 

BwUp-Uj = BwwqU~Wq = U^^^_^^^^j^-i^_BwwQUpybwQ 

Note that if w = w'u with w' E W"^ and u G VFj, then 

c/j n '^"V- = ""'("t/j n V-) = (^t/j n uj) = Ujn ^~'uj. 
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Lemma 4.2. Let (J, w) G X5. For any u &W and b & B, there exists v ^ u, such 
that ubw e BvwUp- Us(j)- 

Proof. We will prove the statement by induction on l{u). 

If tt = 1, then the statement holds. \i u = SiU\ with l{u\) = l{u) — 1, then 
by induction hypothesis, there exists Vi ^ Wi, such that iiibw G b'viwUp- Ugin 

for some b' G B. Write b' = 6162, where 61 G Up^iy and 62 G Then 
Sib'viw = {sibis~^)sib2Viw with Sibis~^ G B. 

If {viw)~^b2Viw G Up- Usu), then Sib2Viw G SiViwUp- Uguy Otherwise, 

(5(J) 5(J) 

62 7^ 1 and ('()iw)~^C/r~|'()iw C t/p- ^7<5(j). Note that 5^62 G BU7.y. Thus 
Sib2Viw G BviwUp- Uxfj). The statement holds in both cases. □ 

4.3. Let 2: G (G, 1) • Then z can be written as 2; = {bwiib', 1) • with b E B, 
w G M G Wj^j) and 6' G C^j^j) fl " ^^j)- Moreover, w,u,b' are uniquely 
determined by z. 

Set Jq = J. To 2 G (G, 1) ■ hj^Sj we associate a sequence ( Jj, w^, v^, w^, c^, 2i)i^i 
with J, c J, G W'(J\ V, G Wj^_,n-^^W^, v[ G li^j,, c, G Usi^j^_,)r}^^^^'^U-^j^_^^ 

and 2i G (i?t()i5(t'9t/j(j)5(t'i)ci, 1) • hj^s and in the same G^iag-orbit as z. The 
sequence is defined as follows. 

Assume that z G {Bwd{u)Us(j), 1) • hj^s with w G and tt G Ws(j). Then 

set 2:1 = z, Ji = J, wi = w, vi = 1, v[ = u and ci = 1. 

Assume that /c ^ 1, that J^, tu^, 1;^, t;^, c^, 2/- are already defined and that C 
Jk-i, wk G V^;^(-^), C W'^-'^Ws^j^y vk G Ii^j,_, n < G I^j,, 

Cfc G C/5(j^_^)n'^('''= and^fc G (St(;fe^(t;^)t/5(j)(5(?;fc)cfc, 1) ■/ij,^. Set 2fc+i = 

(fifo"^5(t'A;)cfc5fo,fi'o"^'^(^fc)cfe5'o)2fc- Then Zk+i G (G, 1) ■/ij,^. Moreover, by 4.2, there 
exists Xk ^ ffe, such that Zk+i G {Bxk'WkS{v'i^)Us(j)^ 1) ■ 

Let yfc+i be the unique element of the minimal length in Wji^XkWkS{v'i^)Ws(j)- 
Set Jk+i = Jfc n 5-^Ad{y^l^)Jk. Since H^j^.^Wfe C W^^^^Ws^j,), then we have 
that XkWkS{v'f,) = Wft+i^l-i^fc+i-i^fe+i) for some Wk+i G I^-^^-^), -yj^,^^ G Wj^^^ and 
^fc+i G Ti^j, n ''''+^W. Note that I^j,«;fc+i C W^'^-'^W^5(j)nAd(,-,)j.- the 
other hand, Wj^Wk+i C I^j,_iWfciy5(j^) C W^'^-^^Wg^^j^y Thus I^j.Wfc+i C 

Moreover Zk+i G (Sit;fc+i5('i;^_^i)t/'5(j)5('i;fc+i)cfc+i, 1) ■ for a unique c^+i G 

This completes the inductive definition. Moreover, for sufficient large n, we 
have that Jn = Jn+i = ■ ■ ■ , Wn = Wn+i = ■ ■■ , v'n = v'^_^_i = ■ ■■ and v„ = Vn+i 
1 . 

4.4. Let i^: C J, y G ^W^^^^ and K = Ad{y)S{K). Then for any w G I^k, we 
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have that 

{By5{u)Us(K), 1) • hj^s C Gdiagii/LsiK), B) ■ hj^s = Gdiag{yLs{K),Upj^) ■ hj^s- 

For any / G Lk, there exists /' G Lk, such that l'ygol{l')~^ G ygo{LK H B). 
Thus {LK)diag{y{Ls{K) H B),Up^) ■ hj^s ^ {yLs(K):Upj^) ■ hj^s- Hence 

{By5{u)Us(K)A)-hj,S C Gdiag{y{L6{K)^B),Up^)-hj^s = Gdiagiy, B)-hj^s = Z^^s- 

Now for any z G (G, 1) ■ hj^s, let (^j, Ji,Wi,Vi,v'^,Ci)i^i be the sequence associ- 
ated to z. Assume that J„ = Jn+i = ■ ■ ■ , Wn = Wn+i = ■ ■ ■ , v!^ — = • • • and 
Vn = Vn+1 = ••• = !. Then we have showed that Zn G Zj^. Thus z G Zj^. 

Note that for any z G Zj^g, z is in the same G-orbit as an element of the form 
(G, 1) ■ hj^s- Therefore, given z G Zj^g, our procedure determines the G-stable 
piece Zjg that contains z. 

Now we are able to describe the closure of Zjg. In 4.5, we will only consider 

subvarieties of G^ and for any subvariety X of G^, we denote by X the closure of 
X in Gi. 

Theorem 4.5. For any {J,tv) G Tg, we have that 

^J,S = ^iK,w')<,s{J,w)ZK,g- 



Proof. Define tt' : G x [7,1, Ijj — > G^ by 7r{g,z) = {g.,g) ■ z. The morphism 
is invariant under the S-action defined by b{g,z) = {gb~^,7r'{bj z)). Denote by 
G xb [I,1,1]s the quotient, we obtain a morphism tt : G x ^ [-f,!,!]^ — ^ G^. 
Because G/B is projective, tt is proper and hence surjective. 

Note that [J,w,l]5 = UKcjU^ewHK)^ueWj, and x^wS{u)[^^ ""^^^s- Since Z};^ = 
7r{G Xb [J, w, l]g), we have that 

^J,S = LJ/ccJ and x^w5{u) ^diag ■ [K,x,u]g. 

For any z G [K, x,^]^ with x G VF^*^''^), tt G VFj and x ^ w5{u), we have that 

2; G (Sx, Sw) ■ = Gdiag{u~^Bx, 1) ■ /ij^^^ C U^^^-iG diag{BvxU 5(^K)-: 1) " 

Fix V ^ and z' G {BvxUg(^K)-, 1) " /iK,(5- Let (2;^, Jj, Wj, f^, f^, Ci)i^i be the se- 
quence associated to z' . Then for any z, there exists ^ v^, such that a;jtyj5(v^) = 
WiJ^i5{v[j^-^ViJ^i). Assume that Jn = Jn+i = ••■■, Wn = Wn+i = = K+1 

■ ■ ■ and Vn = Vn+i = ■■■ = !. Set Xoo = XnXn-i ■■ ■X2 and v^o = v'^{vnVn-i ■ ■■V2). 
Note that xi = vi = 1. Then x^ovx = XooWidiv'i) = WnS{vQo). Since v'^ G M^j„+i 
andtJi G V^'j-fl'^^+i M^, we have that /(t;oo) = l{Vn)+l{vn)+l{vn-i)-\ h/(t'2)- Thus 

Xoo ^ l^oo- By 4.4, z' G -^K,a;oo^^a;'5fe^)- -"^^^^ ^^^^ ^ K'^^^) = l{w)+l{u). 



THE G-STABLE PIECES OF THE WONDERFUL COMPACTIFICATION 



17 



Thus w5{v ^) < w6{u) ^ x. Similarly, w5{v ^x^) ^ xS{v^). By 3.4, there 
exist v' ^ v~^x'^, such that {v')~^w5{v~^x'^) ^ XooVx5{v^). Thus by 3.8, 
Xoovx6{v^^) ^j,sw. 

For any K (Z J and w' G W^^^-'^) with w' '^j^s w, there exists x G VF^^-'^), w G Wj 
and wi G VF^, such that x ^ w5{u) and = 'uj~"'^'u~"'^x5(wi). Since [K,x,u\s C 
[J, 1]^. We have that {xT,u) ■ hK,s C Zy^. Therefore {u~^xT, 1) ■ hK,5 C Zy^. 
Note that u-'^x = 'Ui'u;'5(ui)-^ Then {uiw'6{ui)-^T, 1) • /ik,<5 C Thus 

w^^)(wim;'5(mi)"^T, 1) ■ hK,d = {wT, 1) • hK,s C Z;^^. 

By 1.12, Z^'g C Z^. The theorem is proved. □ 

Our method also works in another situation. 
Proposition 4.6. The closure of Zy^^ ^ in Zj^xfi is ^w'€WS(.J),w^jw'^j'i,5- 

Proof. In the proof, we will only consider subvarieties of 2^j,i,<5 and for any 
subvariety X of Zj^i^g, we denote by X its closure in Zj^i^s- 

Note that the morphism tt : ^,7,1,5 — ^ Vj defined by 7r(P, (5,7) = P for 
(P, (5,7) G Zj^i^s is a locally trivial fibration with isomorphic fibers. Moreover, 
i : n-\Pj) G^/Hpj defined by i{P,Q,i) = 7 for {P,Q,-f) G 7r-i(Pj) is an 
isomorphism. Now [J,w, l\i^s C 7r~-^(Pj) and i{[J,w, l]i,s) = BwBgo/Hpj. Thus 
[J,w, l]i^s = Uto'^w[J, ty', l]i,(5- For any tu' G W"^ with ^j^^ tu', there exists u G 
such that to ^ ^"^^'^(w). Thus {u~^w'd{u)T, 1) ■ C [J, ty, l]i,5. Hence 

Gdiag{u-^w'5{u)T, 1) ■ = Gdiagiw'T, 1) ■ c Zj^. So Z^;^^ C Zj^. 

On the other hand, for any z G [J, to', 1] 1,5, by the similar argument as we 
did in 4.3 and 4.4, there exists ti ^ f G VFj, such that uw'5{v~^) G W^^'^^ and 
z G Zj™ . If moreover, w' ^ to, then w ^ tt~"'^(ttto'5(f ). Thus w ^j^s 

uw'v~^. Therefore z G ^w'ew^(J\w^j sw'^ji 5- The proposition is proved. □ 

5. The cellular decomposition 

5.1. A finite partition of a variety X into subsets is said to be an a-partition if 
the subsets in the partition can be indexed Xi,X2, ■ ■ ■ ,Xn in such a way that 

Xi U X2 U ■ ■ ■ U Xi is closed in X for i = 1, 2, . . . , n. We say that a variety 
has a cellular decomposition if it admits an a-partition into subvarieties which 
are affine spaces. It is easy to see that if a variety X admits an ct-partition into 
subvarieties and each subvariety has a cellular decomposition, then X has a cellular 
decomposition. 

Lemma 5.2. Let {J,w) e I5, K G J and w' e W with Ad{w')d{K) = K. If 
w'v '^j^s w for some v G Ws(^k), then w' ^j^j w. 

Proof. Fix w' and {J,w). It suffices to prove the following statement: 
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Let u e Wj and v e W^^k)- If 'ij'^'v ^ u~^wd{u), then w' ^j^s w. 

We argue by induction on l{u). Assume that the statement holds for all u' < u. 
Then I will prove that the statement holds for u by induction on l{v). If l{v) = 0, 
then V — 1 and the statement holds in this case. Now assume that l{v) > 0. 

Set u = uiU2 with m G and U2 G Wk- If «2 = 1, then u G 

and w6{u) e By 3.4, there exists u' ^ tt, such that u'w'v ^ 

Assume that v = v'sk for v' < v and A; e (^(-?^)- Then w5{u) < w5{u)sk- By 3.1, 
wd{u) ^ u'w'v'. By 3.4, there exists u' ^ u, such that w't'' ^ (^)~-^w5(it). 

By the remark of 3.8, w'v' ^ {u'2)~^w6{u'2) for some u'2 ^ Thus by induction 
hypothesis, w' "^j^s w. 

If W2 7^ 1. Then l{ui) < l{u). By 3.4, there exists us ^ U2 and U4 ^ ^2 such 
that Uzw'v5{u4) ^ ttj" wS{ui). Note that U3w'vu4 = w' {{w')~^U3w')v6{u4) E 
w'Ws(^K)- By induction hypothesis on Z(tti), tu' ^j^j w. □ 

5.3. Let J C /. For w eW, set 

/i(J,w;,5) = max{K cJ\we W^^^^, 
l2{J,w,5) = max{K C J I Ad{w)^s{K) = ^k}- 

Now let (J, w) &Is- Set 

W5(J,t(;) = {m e I M ^j,5 w,l2{J,u, 6) C /i(J,M,(5)}. 

For any u e 1¥5(J, if), set 

\^(J,W,S) II II r^uv 

= '^veWs^^(^j,u,5)) '^K<Zli{J,uv,5) 

For w' w, we have that w' = uv for some u e VF'^^-'^^^"^'^')) and v e 

W^5(/2( J, «;'))• "^^^^ hiJ.u.S) = l2{J,w',S) C /i(J,tt,5). By 5.2, tt ^j,^ tu. Thus 
u e Ws{J,w) and UKci,iJ,w',6)Z^[s ^ ^l""'"''^^- 

For Wi,'U2 e Vr(J,?«) and G Ws{i.,(j,m)),V2 G W^<5(/2 (.7,1*2)) with lii-^i = U2V2, 
we have that l2{J,ui,d) = /2(J, = l2{JiU2V2,5) = I2{J,U2,S). Note that 

■ui, W2 e iy^(^2(J,iii))_ Thus ui = ^2 and vi ^ V2. 

Therefore Z}J = U^^WsiJ,n.)Xi'''"'^\ 

Lemma 5.4. Let (J, w) ^Is- Set I2 = hi J, 5). For K C J, we have that 
^veWs(^i^)nws('i)iLi2)diag{wv, B n L/J ■ hK,5 = {Li2,Li2){w, 1) • hK,6- 

Proof. At first, we will prove the case when K G l2- In this case, set 
gi = gow. Then giLs(^i^)gi^ = ^5(7^) and gi{Ls(^i^) fl B)g^^ = L5(72) n B. Now 
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consider L§(^j^^/Z{Lg(^j^-^)gi (a variety that is isomorphic to L^^^^/ Z{L§^^-^), but 
with "twisted" -£'5(72) x ^5{i2) action, see 2.3). We have that 

(In the case when G L^i^j^-^ for some n G N, L^^/j)^'! is a connected component 
of the group generated by L§(^j^^ and gi. In this case, the left hand side is the union 
of some L5(72)-stable pieces and the equality follows from [L4, 12,3]. The general 
case can be shown in the same way.) 

Therefore 

'^veWs(I^)f^w^('<) {^~^ ^ 9o)iLi2)diagiw, gQ^){v, B n Lgf^i^)) ■ h^f^K) 

= ^veWs(i^)nW«(i<)i^^ 9l){L5{l2))diag{i,9l^){^^ B n Ls(^I^^) ■ hs(^K) 
= (-^<5(/2)' -^5(/2))(^' 1) ■ hs{K)- 

Note that /iK, 5 = hs{K)9o- ThenU^^^^^^^^^^y^^6(,K){w-'^ ,l){Li^)diag{wv, BOLj^)- 
hK,d = iLs{i2)iLi2) ■ hK,5- Hence \J^^^r^^^^^^^,6(K)(LI^)diagiwv, B f] L/J • hK,d = 

In the general case, Consider tt : {Lg(^j^-^, Lj^) ■ hK,s -^5(72)/-^(-^5(/2))5'o de- 
fined by 7r{{lij2)hK,s) = (^1,^2) • {hs{K)nS{i2)9 o) fof ^1 £ Ls^^ ^.h e Lj^. Here 
hs{K)n5{i2) right side is the base point in Ls(^i^-j/Z{Lg(^i^-j) that corresponds 

to S{K) n 5(12). It is easy to see that the morphism is well-defined. Now de- 
fine the T-action on (Lsi^i^), Lj^) ■ hK,s by t ■ {{li,l2)hK,s) = {th,h)hK,5 for 
t E T and li G Lg(^j^^,l2 £ Lj^. Then T acts transitively on 7r~^(a) for any 
« ^ {L5{i2)iLi^) ■ {hs(^K)nS{i2)9o)- Now 

^vews^i^^nw^w T^{{w~^A){Li2)diag ■ {wv,Br]Li^) ■ hK,5) 

= '^v&ws(i^)r\wsw{'^~^ ■:'^){Li^)diag{wv,B r\ Li^) ■ {hs{K)n6{l2)9o) 

= (^6(12)^^12) • ihs(^K)nS(i2)9o)- 

Moreover l^yeWs^i^^nw^c^^i'^'^ ^ 'i-){Li^)diag ■ (wv^BnLi^) ■ hK,5 is stable under T- 
action. Thus U^^Wg^^^^r\WS(i^'>i^~^,^){Li2)diag-{wv,BnLi^)-hK,s = {Ls^^),Li^)- 
hK,s- The lemma is proved. □ 

Proposition 5.5. Let (J^w) G Ts and u G Ws^J.w). Set Ii = Ii{J,u^6), I2 = 
/2(J, w, 5) and lI/'^'^^ = VAk(zIi{Li^, Li^)(u, 1) ■ hK,5- Then we have that 

(1) L^'^'^^ is a fibre bundle over Li^/Z{Li^) with fibres isomorphic to an affine 
space of dimension \Ii \ — \l2\- 

(2) Xi^'""^'^ = Gdiag ■ L[f'"''^ is isomorphic to G Xp,^ {iPI2)d^ag ■ L^f'""''^). 

(3) {Pl2)drag ' Li'^""''^ = {B X B) ■ hi'^""^'^ ^ {U D ^o^-^of/-) x li^'^'^'l 
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Proof. For part (1), note that L^''^'^'' = \Jk(zIi{u,1){Ls(^i2), Lj^) ■ hK,5 = 
(uLg^j^), L/j) • (UpcchiT, i)hK,s) is a variety. Consider the morphism 

Tt' : UkcIi{Ls(i^), L/J • hK,s -t'5(/2)/^(-^5(/2))5'0 

defined by tt' ({li,l2)hK,5) = {h,k) • (hsiKjnSihjQo) for e L^^^^^h G L/^. It 
is easy to see that n' is weU defined and is a locaUy trivial fibration with fibers 
isomorphic to an affine space of dimension — |/2|. 

Let V e Ws(i2). For K C J, if Ad{uv)5{K) = K, then kd{u)<^s{K) = 
A(l{uv~^u~^)^K- Since uv~^u~^ G VF/j, we have that Ad(u)$5(i^) C ^kvji^- 
Thus Ad('u)$5(xu/2) ^ By the maximal property of /2, K\Jl2 C l2- Thus 

l2{J.,uv,5) C /2. Therefore, 



Gdiag ■ L^f''^'^^ = Gdiag{y^K^h{Ll^,Li^){u, 1) ■ hK,s) 

= Gdiag{y^K(Zli '^veWs(i^)nW^f~'<) iLj^)diag{uV, B n -^/^(j^y^^)) ■ hK,s) 

= Ukc/i ^veWsd^^nw^i'^) Gdiag{uv, -B n L/j) • hK,5 

II II v(J,w,S) 

- UKch Llt)elV5(/2) ^J,<5 - • 

Assume that {g,g)a = b for some g G G and a,b e lI^'^^'^I Then a, 6 are in 
the same G orbit. Note that any element in L^''^'^^ is conjugate by Lj^ to an 

clement of the form {iii), l)hK,s with v G Ws^i^), K C /i( J, "Uf , 5) and / G L/^ H 5. 
Moreover, (it?), L/^ n S) ■ hK,5 C ^^"5- Thus if Vi 7^ ^2 or 7^ 7^2) then for any 
/, /' G L/2 n S, {iivij) ■ hK^,5 and {uv2,l') • hK2,s are not in the same G orbit. 
Thus {g, g){uv, h) ■ hK,6 — {uv, I2) • hK,s for some v G Ws^i^), K C /i( J, uv, d) and 
I1J2 G n5. By 1.12, g G Pi2{K,uv,S)- Since /2(ii:,'Ut',5) C l2{J,uv,S) C /2, 

we have that ^ G Pj,. By 1.9, xi'''^'^) ^ G Xp,^ ((P/Jd^a^ • 4'''"'''^^). Part (2) is 
proved. 

For part (3), it is easy to see that {Pi^{j,u,5))diag ■ L^''^'^^ <Z (B x B) ■ L^''^'^\ 
On the other hand, 

{B X S) = iUp,^,UpJ{Li^)diag{Uv€Ws,j,, UkcMJ,uv,5) iuV,B)-hK,s) 

= {Li^)diag{Upj^,Upj^)[VAy(iWs(i^) '^K(Zl2{J,uv,S) {uV,B) ■hK,s)- 

By 1.12, {Up,^,Up,^){uv,B) ■ hK,s = {B x B){uv,l) ■ hK,s C {Pi, {K ,uv ,5)) diag 
{Lj,(^x,uv,s)i Li2{K,uv,s)){ii''v, i)hK,s- We have showed that I2{K, uv, S) C l2- Hence 
{Upj^,UpjJ{uv,B)-hK,s C {Pi2{j,u,5))diag-Li^''^'^\ Therefore, {Pi2)diag-Li^''^'^^ = 
{B X B)-L[f^'"'^\ 

Consider the morphism % : {U n ^o'^^n^y") x Lif'""'^^ {B x B) ■ lI'^'"''^^ 
defined by 7r{b, I) = {b,l) ■ Hoi b e U D ^o'^^of/- and / G L[f''^'^\ By the similar 
argument as we did in 1.10, we can show that tt is an isomorphism. □ 
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Corollary 5.6. We keep the notation of 5.5. If moreover, I2 = 0, then xj/'^'^^ 
admits a cellular decomposition. 

Proof. If /2 = 0, then L^f'^'^^ is an afRne space. Thus Xu^'^'^^ is isomorphic 
to G X BC, where C = {B x B) ■ L^'^'^\ By part (3) of 5.5, C is an affine space. 

It is easy to see that B acts linearly on C. Therefore xi"^'^'^^ is a vector bundle 
over B. Note that B admits a cellular decomposition. By a well-known result (see 

[Q], [Su] or [VS]), xj/'^'^^ admits a cellular decomposition. □ 

5.7. For wi,W2 G Ws{ J, w), wc say W2 ^' Wi if there exists t^i ~ xq, xi, - ■ ■ ,Xn = 

W2, Vi e S{l2{J,Xi+i,d)) for all i, such that Xi+iVi >ii(j,xi,5),5 ^i- 

By 4.5, Xuf'^'"^^ n xif'™''^'' = if ^2 ^' u\. hence if ^' is a partial order on 
VF5(J, w), then Z"^ ^ = VAy^^-^^^t^ j^yj^^Xu'^'^^ is an a-partition. We will show that ^' 
is a partial order if contains finitely many G-orbits. 

Lemma 5.8. Let J C I , u E W , w E W"^ and v G Wj. Assume that uwv = w'v' 
for som,e w' G W"^ and v' G Wj. If I (uwv) ~ l{wv) — l{u), then w' ^ w. If 
moreover, w' — w, then Ad(t(;~''^)supp(«) C J. 

Proof. If w = Sj for some i E J and l{sjwv) ~ l{wv) — 1, then either SiW < w 
and SiW E W"^ or SiW = wsj for some j E J. It is easy to check that the statement 
holds in both cases. 

The general case can be proved by induction on l{u). □ 

Lemma 5.9. Ifwi,W2 E Ws{J,w) withwi ^' W2 andw2 ^' wi and l2{J,wi, S) = 
/2( J, W2,S) — 0, then wi — W2. 

Proof. We will prove the case: if wi ^ij^(j,w2,5),5 ^2, W2 ^i^{j,w^,5),5 wi and 
l2{J,wi,S) = 0, then wi = W2- The general case can be proved in the similar 
way. 

We argue by induction on |J|. Since l{wi) ^ l{w2) and l{w2) ^ l{wi), we 
have that l{wi) = l{w2)- Thus wi = U2^W2S{u2) and W2 = u^^wiS{ui) for some 
Ui E W7^(j^TOi,(5) and U2 E W/^(j^„2^<5). By induction hypothesis, it suffices to prove 
the case when J = supp(tti) U supp(tt2). 

We have that wi = w[5{vi) and W2 = w'2S{v2) for some w[,W2 E W^^"^^ 
and vi,V2 E Wj. Note that w'i5{vi) — U2^w'25{v2U2) and l{u2^W25{v2U2)) — 
l{w2S{v2U2)) — l{u2). By 5.8, w'^ ^ W2- Similarly W2 ^ tu^. Therefore w'^ = W2- 
By 5.8, Ad(t(;2)~"^supp(tt2) C 6{J) and Ad(t(;'i)~^supp(wi) C S{J). Therefore 
Ad{w[)~^J C 5{J). Hence Ad(t(;i)~^$j = ^s{j)- Since l2{J,wi,5) = 0, we have 
that J = 0. Therefore wi ^ W2 and W2 ^ wi. Thus wi = W2. The case is 
proved. □ 



As a summary, we have the following result. 
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Theorem 5.10. If Zy^ contains only finitely many G -orbits, then it has a cellular 
decomposition. 

Proof. If Zy^ contains only finitely many G-orbits, then /2(J, — for 
u '^j^s w. In this case, Ws{J, w) = {u eW \ u '^j^s w}. We have that 

By 5.7 and 5.9, the partition is an a-partition. Thus by 5.6, Zy^ has a cellular 
decomposition. □ 
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